We use Lagrangian field theory to derive an alternative formulation of the field equations for macroscopic electromagnetic fields in a linear magneto-dielectric medium. The unique feature of the derivation is that the kinetic and potential terms of the Lagrangian density are explicitly quadratic in the macroscopic fields. We then show that an isotropic, homogeneous, flat, four-dimensional, nonMinkowski, continuous material spacetime is the proper setting for the continuum electrodynamics of a linear magneto-dielectric medium.
I. INTRODUCTION
Optically transparent materials are mostly empty space in which light travels at an instantaneous speed of c [1] . However, the microscopic constituents of matter scatter and delay the light causing the effective speed of light in a transparent optical material to be less than in vacuum [1] . While the microscopic picture of an optically transparent linear medium as consisting of tiny polarizable and magnetizable scatterers embedded in the vacuum is always valid, there are significant practical difficulties in treating all of the microscopic interactions as light traverses such a linear medium. In continuum electrodynamics, a transparent optical material is treated as continuous at all length scales with continuum abstractions for the macroscopic electric permittivity ε and the macroscopic magnetic permeability µ in a continuous electromagnetic field. Then the effective speed of light, c/n, is defined in terms of a macroscopic index of refraction n = √ εµ in a transparent linear magnetodielectric medium. Nevertheless, Maxwellian continuum electrodynamics is still rooted in the vacuum with the permittivity ε = 1 + χ e and the permeability µ = 1 + χ m defined additively in terms of the vacuum permittivity, ε v = 1, the vacuum permeability, µ v = 1, the electric susceptibility χ e , and the magnetic susceptibility χ m [2] . The flat, four-dimensional, empty Minkowski spacetime is generally regarded as the appropriate setting in which to additively build-up the electrodynamic properties of materials [3] .
In this communication, we apply Lagrangian field theory to a macroscopic electromagnetic Lagrangian density and derive a non-Maxwellian theory of continuum electrodynamics for the equations of motion of macroscopic electric and magnetic fields in a linear, isotropic, homogeneous, transparent, continuous, magneto-dielectric medium. We then show that an isotropic, homogeneous, flat, four-dimensional, non-Minkowski material spacetime [4] is a proper setting for the continuum electrodynamics of a simple linear magneto-dielectric medium.
II. LAGRANGIAN FIELD THEORY
The classical Lagrangian is [5] 
where T is called the kinetic energy density, V is called the potential energy density, and integration is performed over all-space σ. The classical Lagrangian, Eq. (2.1), can be written as
in the common Minkowski formulation of Maxwellian continuum electrodynamics [6] [7] [8] [9] . We denote the electric component of the refractive index
and the magnetic component of the refractive index 4) such that n = n e n m = √ εµ [10] . Then, the classical Lagrangian, Eq. (2.2), becomes
where E = (−1/c)∂A/∂t and B = ∇ × A are the usual formulas for the electric and magnetic fields in the Coulomb gauge. The electric refractive index n e is clearly associated with the kinetic energy density T of the Lagrangian. The magnetic refractive index n m is clearly associated with the potential energy density component V of the Lagrangian. The Lagrangian density,
is the integrand of the Lagrangian, Eq. (2.5).
We consider an arbitrarily large region of space to be filled with a linear, isotropic, homogeneous, transparent, continuous magneto-dielectric medium that is characterized by a macroscopic electric refractive index n e and a macroscopic magnetic refractive index n m . For clarity and concision, we will work in a regime in which the center frequency of the propagating monochromatic/quasimonochromatic field is sufficiently far from material resonances that dispersion can be treated parametrically and is otherwise negligible. Then, n e and n m depend on the center frequency of the exciting field, but are otherwise real time-independent constants.
We define a simple linear medium as an idealized model of a linear magneto-dielectric material that can be treated as having real, time-independent electric and magnetic refractive indices in the parameter region of interest and note that this is a very common model. We limit our attention to an arbitrarily large simple linear medium and we write a new time-like variablē
and new spatial variables
Although we can retain the spatial and temporal dependences of the components of the refractive index, in this work we have adopted limits in which these dependences can be neglected in order to proceed with the fundamental physical issues without unnecessarily complicated formulas. We write a material Laplacian operator
Substituting Eqs. (2.7)-(2.9) into Eq. (2.6), we obtain a Lagrangian density 10) in which the kinetic and potential terms are explicitly quadratic. We take Eq. (2.10) as our starting point and apply Lagrangian field theory to systematically derive equations of motion for the macroscopic fields in an arbitrarily large, isotropic, homogenous block of a simple linear magneto-dielectric material.
III. LAGRANGIAN EQUATIONS OF MOTION
The Lagrange equation for electromagnetic fields in the vacuum is [5, 6] d dt
In terms of the re-parameterized temporal and spatial coordinates, Eqs. (2.7) and (2.8), the preceding equation becomes
for simple linear magneto-dielectric materials. Substituting the Lagrangian density, Eq. (2.10), into Eq. (3.2), we obtain components
Substituting the components, Eqs. (3.3), into Eq. (3.2), the Lagrange equations of motion for the electromagnetic field in a simple linear magneto-dielectric medium are the three orthogonal components of the vector wave equation
The second-order equation, Eq. (3.4), can be written as a set of first-order differential equations and we introduce macroscopic fields
The macroscopic field variable Π, Eq. (3.5a), is the canonical momentum field whose components were derived as Eq. (3.3a).
We substitute the canonical momentum field Π, Eq. (3.5a), and the magnetic field β β, Eq. (3.5b), into the wave equation, Eq. (3.4), to obtain 6) which is similar in form to the Maxwell-Ampère law. Applying the material divergence operator (∇·) to Eq. (3.5b), we obtain
Applying the material curl operator (∇×) to Eq. (3.5a) produces a version of Faraday's Law,
is a modified version of Gauss's law that is obtained by integrating the material divergence of Eq. (3.6) with respect to the new timelike coordinatex 0 . This completes the set of first-order equations of motion, Eqs. (3.6)-(3.9), for macroscopic fields in a simple linear magnetodielectric medium.
For an arbitrarily large, isotropic, homogeneous, simple linear magneto-dielectric medium, we can drop the terms involving the gradients of the electric and magnetic refractive indices. Consolidating the equations of motion, Eqs. (3.6)-(3.9), we havē
as the equations of motion for macroscopic electromagnetic fields in an isotropic, homogeneous, simple linear magneto-dielectric medium. Equations (3.10) will also apply to a piecewise-homogeneous material with Fresnel boundary conditions. The unusual appearance of Eqs. (3.6)-(3.9) may cause some readers to question their validity or range of applicability. However, Eqs. (3.6)-(3.9) were carefully derived in well-documented steps from the Lagrangian density, Eq. (2.10), and the Lagrangian equations of motion, Eq. (3.2). Absent an identified consequential blunder in the derivation, the set of Eqs. (3.6)-(3.9) is a proven and valid theorem of Eqs. (3.2) and (2.10). In the next section, we will consider how these results, Eqs. (3.6)-(3.10) and the underlying physics compare to the Maxwellian theory of continuum electrodynamics.
IV. SPACETIME SETTING
If a light pulse is emitted from the origin at a time t = 0 into the empty vacuum of free space then spherical wavefronts are defined by
in a flat, four-dimensional, vacuum Minkowski spacetime S v (x 0 = ct, x, y, z). Equation (4.1) underlies classical electrodynamics and its relationship to special relativity. Consider Eq. (4.1) in the context of a light pulse that is emitted from the origin (x = 0,ȳ = 0,z = 0) at "time"x 0 = 0 into a simple, isotropic, homogeneous, linear, magneto-dielectric medium, instead of the vacuum. In this medium, spherical wavefronts are defined bȳ
in an isotropic, homogeneous, flat, four-dimensional, nonMinkowski material spacetime S m (x 0 ,x,ȳ,z). Consequently, a different version of continuum electrodynamics that is defined on a corresponding material spacetime is associated with each isotropic, homogeneous, linear magneto-dielectric medium. A similar result was reported by Rosen [11] who showed that a different refractive index-dependent version of special relativity is associated with each isotropic homogeneous linear dielectric Because each set of refractive indices, n e and n m , is identified with a different material spacetime, the rigorous theory is limited to arbitrarily large, isotropic, homogeneous, simple, linear, magneto-dielectric media, although piecewise homogeneous materials can also be treated using the appropriate Fresnel boundary conditions.
A. Minkowski spacetime
The microscopic Maxwell equations of motion for fields in a vacuum are
Adopting the Coulomb gauge, the wave equation
is obtained by substituting
into the microscopic Maxwell-Ampère law, Eq. (4.3a). If a light pulse is emitted from the origin at a time t = 0 into the vacuum, then
describes spherical wavefronts propagating away from the origin with time. It is customary to define a timelike variable such that
Then the electrodynamics are embedded in a flat, isotropic, homogeneous, four-dimensional, vacuum Minkowski spacetime S v (x 0 , x, y, z). We denote the unit wavevector ask. The basis functions of a propagating wave, exp(−i(ω/c)(x 0 −k · r)), define the null surface, x 0 =k · r, of a light cone in Minkowski spacetime. Fig. 1 is a depiction of the intersection of the four-dimensional light cone with the x − x 0 plane in Minkowski spacetime showing the null x 0 = x 2 + y 2 + z 2 = x. The halfopening angle of the light cone is α = π/4.
B. Continuum electrodynamics in non-Minkowski material spacetime
Next, we want to consider the relationship between the macroscopic field equations, Eqs. (3.10), and fourdimensional spacetime. In this formalism, the material parameters renormalize the spacetime coordinates. Specifically, the time-like coordinate is renormalized by the inverse of the dielectric refractive index n e , but the spatial coordinates are renormalized by the magnetic refractive index n m . Reprising the wave equation, Eq. (3.4),∇
the four-dimensional light conē
is embedded in the flat four-dimensional non-Minkowski material spacetime S m (x 0 ,x,ȳ,z) that is associated with a linear, isotropic, homogeneous, magneto-dielectric medium. The basis functions exp(−i(ω/c)(x 0 −k ·r)), 
This equation shows that the effective speed of light in a linear magneto-dielectric medium is attributable to two different effects: i) the renormalization of the timelike coordinate by n e and ii) the renormalization of the spatial coordinates by n m .
V. COMPARISON OF MAXWELLIAN AND NON-MAXWELLIAN CONTINUUM ELECTRODYNAMICS
While the new theory of continuum electrodynamics that is derived in Sec. 3 is disjoint from Maxwellian continuum electrodynamics, the concepts of Maxwellian continuum electrodynamics are deeply ingrained in the body of physical knowledge and practice. We clearly need some way to relate physical concepts of the Maxwell theory to the new theory. There is a simple algebraic mapping from the Maxwell-Minkowski equations
with the constitutive relations D = εE and B = µH, to the equations that were derived from Lagrangian field theory, Eqs. (3.6)-(3.9), by the direct substitution of β β = n m H, Π = −n e E, n m = √ µ, and n e = √ ε into Eqs. (4.9) . From this perspective [10] , the new theory of continuum electrodynamics is equal to Maxwellian continuum electrodynamics and is undoubtedly correct, at least on that basis. However, there is no need for the Maxwell fields {E, B, D, H}, in Sec. 3 where the new theory is derived. In addition, there are no explicit material parameters in Eqs. (3.10) . Consequently, there is no reverse mapping from Lagrangian field theory, Eqs. (3.6)-(3.9), to the Maxwell-Minkowski equations, Eqs. (5.1). Therefore, the mapping that is described must be viewed as informal and is only useful to acquire a degree of familiarity with aspects of the new theory of continuum electrodynamics based on similar concepts of Maxwellian continuum electrodynamics. For example, the wave equations in the two cases are very relatable and predict virtually identical results in many situations. That being said, the energy-momentum conservation laws and the principles of special relativity for the two models are contradictory as was demonstrated in the simpler case of a linear dielectric medium [4] .
VI. SUMMARY
All physical phenomena are rooted in the vacuum and "Minkowski spacetime is generally regarded as the proper setting within which to formulate those laws of physics that do not refer specifically to gravitational phenomena" [3] . This statement asserts a microscopic additive Einsteinian view of events in a Minkowski spacetime and a microscopic additive Maxwellian view of electrodynamics in a linear medium. However, a continuum is inherently macroscopic and cannot be constructed perturbatively.
In this communication, we used Lagrangian field theory to rigorously derive an intrinsically macroscopic treatment of electrodynamics in an isotropic, homogeneous, transparent, linear, continuous, magnetodielectric medium. This work shows that a flat, fourdimensional, non-Minkowski material spacetime is an acceptable setting for continuum electrodynamics of an arbitrarily large or piecewise homogeneous linear magnetodielectric medium. The theory that was derived here will be used as the basis of future publications regarding the Abraham-Minkowski momentum controversy and the von Laue-Rosen relativity dilemma in magneto-dielectric materials.
